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A FORMULA FOR BACKWARD AND CONTROL PROBLEMS OF
THE HEAT EQUATION
QI S. ZHANG
Abstract. Using time analyticity result, a new perspective for some basic questions
for a nonhomogeneous backward heat equation (exact control problem) is given in the
setting of smooth domains and compact manifolds. Comparing with the classical results
[LR] and [FI], there are two developments if the full domain is used in control. One is
that to reach the same final state as the time dependent controls, the control function
(nonhomogeneous term) can be essentially independent of time, i.e. it is 0 on one time
interval and stationary on the other. The other is that an explicit formula for the control
function is found in the form of an infinite series involving the heat kernel. A byproduct
is an inversion formula for the heat kernel.
1. Introduction
In this paper we consider a backward nonhomogeneous problem of the heat equation,
which belongs to the following typical control problem involving an evolution equation.
Given an initial state or value, can one find a nonhomogeneous or control term to reach a
desired final state or value in given time?
Here is a sample of the main results in the classical papers [LR] (Corollary 1) or [FI],
after some translation and recast.
Let D be a smooth, bounded domain in a Riemannian manifold M, G = G(x, t, y) be
the heat kernel on D with zero boundary value. Given any u0, u1 ∈ L2(D), suppose
(1.1) z = z(x) =
∫
D
G(x, t, y)u1(y)dy,
then there exists a smooth function g in D × (0, T ] such that the problem below has a
classical solution.
(1.2)


∆u(x, t)− ∂tu(x, t) = g(x, t), (x, t) ∈ D × (0, T ],
u(x, t) = 0, (x, t) ∈ ∂D × (0, T ],
u(x, T ) = z(x),
u(x, 0) = u0(x).
In other words, if a state can be reached by the free heat flow, then it can be reached by
control from any L2 initial state. In particular, 0 state can always be reached i.e. exact
null control is always possible. Here we are stating only a special case. The support of the
control function can be a sub-domain in space time. This result has been widely extended
and generalized and it has stimulated much further research. See [LZ], [Zu], [LL], [LT],
[LZZ], [Tr], [DM], [EMZ], [ABGM] and the references therein e.g. See also related earlier
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work [Lio], [FR], [Ru], [Lp] and [RW]. Nevertheless, there are two basic questions which
are important from both theoretical and practical point of view.
Question 1: How does one characterize all states that can be reached by the free heat
flow? i.e. When does (1.1) hold for z = z(x)?
Question 2: How does one determine the control function g?
Question 1, being equivalent to the solvability problem of the backward heat equation,
has been answered explicitly in a recent paper [DZ] in full generality. See also [Z] under
a worse condition and an abstract criteria [CJ] Theorem 9 for bounded domains, and a
generalization in [DP].
Corollary 1. ([DZ]) Let M be a complete, d dimensional, noncompact Riemannian man-
ifold such that the Ricci curvature satisfies Ric ≥ −(d− 1)K0 for a nonnegative constant
K0. Then the Cauchy problem for the backward heat equation
(1.3)
{
∂tu+∆u = 0,
u(x, 0) = z(x)
has a smooth solution of exponential growth of order 2 in time interval (0, δ) for some
δ > 0 if and only if
(1.4) |∆jz(x)| ≤ Aj+13 jjeA4d
2(x,0), j = 0, 1, 2, . . . ,
where A3 and A4 are some positive constants.
In the above, the meaning that u = u(x, t) is of exponential growth of order 2 is that
|u(x, t)| ≤ C1eC2d2(x,0) for all x ∈M and t in some given interval. Here 0 ∈M is a reference
point and C1, C2 are positive constants. This condition is sharp due to Tychonov’s non-
uniqueness example which can be extended to the backward heat equation by reflection
in time.
Although the above result is stated for a noncompact manifold, as mentioned in that
paper, the conclusion still holds for compact manifolds and for smooth domains with 0
boundary condition, and the proof is simpler. Moreover the exponential term and the
curvature condition all become redundant. So in the compact setting a state z = z(x) is
reachable by the free heat flow if and only if
(1.5) |∆jz(x)| ≤ CCj∗j!, j = 0, 1, 2, ...
for some positive constants C,C∗. Here C∗ may depend on the length of the time interval.
See Lemma 2.2 below for an explicit estimate of C∗ = e+/T where T is the length of time.
One goal of the current paper is to address Question 2.
The classical variational method in [FI] provides an implicit way of finding a time de-
pendent control function which may be supported in a given subdomain in space time. It
turns out that, if the full space domain is used, then to reach the same final state as the
time dependent controls, the control function (nonhomogeneous term) can be essentially
independent of time, i.e. it is 0 on one time interval and stationary on the other. More-
over an explicit formula for the control function is found in the form of an infinite series
involving the heat kernel. What causes the difference? Comparing with the traditional
method of using weighted energy estimates (Carleman estimates), the new input is the
time analyticity of solutions of the heat equation with stationary nonhomogeneous terms.
This allows us to use power series in time to represent solutions and carry out calculations.
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In order to state the result, let us first introduce a bit of notations. We use M to denote
a n dimensional, Riemannian manifold, ∆ is the Laplace-Beltrami operator, G = G(x, t, y)
to denote the heat kernel with 0 boundary condition on domain D; and 0 a reference point
on M, d(x, y) is the geodesic distance for x, y ∈M. We use C,C1, ... etc to denote positive
constants, which may change in value; e = limn→∞(1 + 1/n)n. The manifold setting for
the main result is chosen for convenience. One could also choose to work on certain metric
spaces or for simplicity smooth bounded domains in Rn.
Theorem 1.1. Let M be a n dimensional, compact Riemannian manifold without bound-
ary and D ⊂ M be a smooth domain or D = M. Suppose any initial value u0 ∈ L2(D)
and a function z ∈ C∞(D)∩C0(D) are given, which satisfies, for some positive constants
C,A,
(1.6) |∆jz(x)| ≤ CAj j!, ∀x ∈M, j = 0, 1, 2, ...
Let δ = min{ 12A , 11+2eT}. Then for any T0 ∈ (T − δ, T ], there exists a control function
f ∈ C∞(D) ∩ C0(D) such that the nonhomogeneous problem (control problem)
(1.7)


∆u(x, t)− ∂tu(x, t) = f(x)χ[T0,T ](t), (x, t) ∈ D × (0, T ],
u(x, t) = 0, (x, t) ∈ ∂D × (0, T ],
u(x, T ) = z(x),
u(x, 0) = u0(x),
has a continuous solution u which is smooth except at T0. Moreover f is given by the
formula involving the Dirichlet heat kernel G:
(1.8) f(x) =
∫
D
∞∑
k=1
∆yG(x, 2
k(T − T0), y) (b(y) − u(y, T0))dy,
(1.9) b = b(x) =
∞∑
j=0
∆jz(x)
(T0 − T )j
j!
.
In particular, if z = z(x) is reachable by the free heat flow from initial time 0 to T , i.e.
(1.1) holds, then the above conclusions hold with δ = T1+2e .
Remark 1.1. When D is the whole manifold M, i.e. ∂D = ∅, then no boundary condition
is imposed. The smoothness of ∂D can be relaxed to Lipschitz condition.
Remark 1.2. The idea of using free heat flow, i.e. no control in the first part of the time
interval, seems natural due to the smoothing effect of the free heat flow. In the second part
of the time interval, the stationary control is easier to execute than time dependent control
in practice. As shown in the proof, the series in (1.8) converges rapidly, allowing practical
computation. Similar results can be extended to some other evolution equations with time
analyticity property.
Remark 1.3. According to Lemma 2.2 below, if z = z(x) is reachable by the free heat
flow from 0 to T , then (1.6) holds with A = e+/T where e+ is any number greater than
e = 2.71828.... So the theorem allows final states which are broader than those reachable
by the free heat flow from 0 to T since there is no restriction to the size of A.
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Remark 1.4. Results of the theorem can be extended to the case when solutions u and
functions u0, z, f are Schwartz functions on some noncompact manifolds including R
n.
The theorem will be proven in Section 2 and the inversion formula for the heat kernel
is given in Section 3.
2. proof of Theorem 1.1
Since the proof for the case ∂D = ∅ is almost identical to the case when ∂D 6= ∅, we
will just concentrate on the former and indicate a few necessary changes in the proof.
We will need two lemmas before finishing the proof of Theorem 1.1 at the end of the
section. The first one is the main technical result of the paper. Here we solve the control
problem when time is sufficiently short and the initial value and final value are in the same
class.
Lemma 2.1. (main lemma) Let M be a n dimensional, compact Riemannian manifold
without boundary and D ⊂ M a smooth domain. Suppose z = z(x), u0 = u0(x) are given
smooth functions in C∞(D) ∩ C0(D) such that
(2.1) |∆jz(x)|+ |∆ju0(x)| ≤ CCj∗ j!
for all x ∈ D, j = 0, 1, 2, .... Here ∆ is the Laplace-Beltrami operator, C and C∗ are
positive constants. Then for any
(2.2) T ∈ (0, 1
2C∗
),
there exists a control function f ∈ C∞(D)∩C0(D) such that the nonhomogeneous problem
(control problem)
(2.3)


∆u(x, t)− ∂tu(x, t) = f(x), (x, t) ∈ D × (0, T ],
u(x, t) = 0, (x, t) ∈ ∂D × (0, T ],
u(x, T ) = z(x),
u(x, 0) = u0(x),
has a unique smooth solution u. Moreover f is given by the formula
(2.4) f(x) =
∫
D
∞∑
k=1
∆yG(x, 2
kT, y) (b− u0)(y)dy,
(2.5) b =
∞∑
j=0
∆jz(x)
(−T )j
j!
.
In addition,
(2.6) |∆if(x)| ≤ C5 C
i+1∗ (i+ 1)!
(1− C∗T )i+1 (1 +
1
T
)
with C5 depends only on M; and u is given by the formula
(2.7) u(x, t) = z(x) +
∞∑
j=1
(∆jz −∆j−1f)(x)(t− T )
j
j!
.
Proof.
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As mentioned, we will only give a proof for the case when D = M, i.e. ∂D = ∅.
Otherwise the proof is almost identical. One just needs to replace the term G(x, t, y)− 1|M|
below by G(x, t, y) and also to make sure boundary terms vanish in integration by parts.
The proof is carried out in 3 steps.
Step 1. We show that the functions f in (2.4) and b in (2.5) are well defined in the
sense that the series converge absolutely and uniformly.
From the conditions (2.1) and 0 ≤ TC∗ < 1,
|∆jz(x)(−T )
j
j!
| ≤ C(C∗T )j .
Hence the series in (2.5) converges absolutely and uniformly and the function b is well
defined. Similarly
(2.8) ∆b =
∞∑
j=0
∆j+1z(x)
(−T )j
j!
which also converges absolutely and uniformly.
Next we prove that f is well defined by heat kernel estimates. Since M is a compact
manifold, it is well known that the following upper bound holds for the heat kernel G =
G(x, t, y): for all x, y ∈M and t > 0,
(2.9)
∣∣∣∣G(x, t, y) − 1|M|
∣∣∣∣ ≤ C1 e−C2ttn/2 e−C3d2(x,y)/t.
Here |M| is the volume of the manifold M, C1, C2, C3 are positive constants and d(x, y) is
the distance between x and y. This bound can be found implicitly or explicitly in many
references such as [Li] Chapter 16 e.g.. Note that for large t the right hand side of the
bound decays exponentially due to the term e−C2t. We mention that if M is noncompact,
then there would be a generic, exponentially growing upper bound for G in general. Using
a mean value inequality and the property that ∂tG(x, t, y) is a solution of the heat equation
for the variables (x, t), it is not hard to deduce the bound
(2.10) |∂tG(x, t, y)| = |∆xG(x, t, y)| = |∆yG(x, t, y)| ≤ C1 e
−C2t
t(n+2)/2
e−C3d
2(x,y)/t,
for all x, y ∈M and t > 0. Here the positive constants C1, C2, C3 may have changed. We
will give a proof of this bound below, since, comparing with generic bounds, we need the
large time decay property.
Let us start with a well known parabolic mean value inequality which can be found
in Theorem 14.7 of [Li] e.g. Suppose u is a positive subsolution to the heat equation on
M× [0, T ]. Let T1, T2 ∈ [0, T ] with T1 < T2, R > 0, p > 0, δ, η ∈ (0, 1). Then there exist
positive constants C1 and C2, depending only on p, n such that
(2.11)
sup
B(0,(1−δ)R)×[T1 ,T2]
up ≤ C1 V¯ (2R)|B(0, R)| (R
√
K0 + 1) exp(C2
√
K0(T2 − T1))
×
(
1
δR
+
1√
ηT1
)n+2 ∫ T2
(1−η)T1
∫
B(0,R)
up(y, s)dyds;
Here V¯ (R) is the volume of geodesic balls of radius R in the simply connected space form
with constant sectional curvature −K0; |B(0, R)| is the volume of the geodesic ball B(0, R)
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with center 0 and radius R. This mean value inequality is stated for a general complete
manifold. A small difference needs to be mentioned in that the term exp(C2
√
K0(T2 − T1))
here is exp(C2
√
K0T2) in [Li]. But the proof is identical after doing a time shift T → T−T1.
In our case M is compact, R can be chosen as one half of the diameter of M, T2 = T
and T1 = sup{T/2, T − 1}/(1 − η). With these choices, writing u = u(x, t) = G(x, t, y),
we infer from (2.11) that
(2.12) sup
M×[T3, T ]
(∂tu)
2 ≤ C4
min{T (n+2)/2, 1}
∫ T
(1−η)T1
∫
M
(∂su)
2(y, s)dyds;
with T3 = sup{2T/3, T −1/2}. Here C4 depends on M through K0, |M| and the diameter
of M.
Denote by ψ = ψ(t) a standard Lipschitz cut off function supported in [(3T3 + T )/4, T ]
such that ψ = 1 in [(T3+T )/2, T ] and |∂tψ| ≤ C/min{T, 1}. Since u is a smooth solution
to the heat equation, we can compute, denoting Q = M× [T3, T ] and ∂tu = ut, that∫
Q
(∆u)2ψ2dxdt =
∫
Q
ut∆uψ
2dxdt
= −
∫
Q
((∇u)t∇u)ψ2dxdt = −1
2
∫
Q
(|∇u|2)t ψ2dxdt
≤ 1
2
∫
Q
|∇u|2 (ψ2)tdxdt.
Therefore ∫
Q
(∆u)2ψ2dxdt ≤ C
(min{T, 1})
∫ T
(3T3+T )/4
∫
M
|∇u|2dxdt.
This and the standard Cacciopoli inequality (energy estimate) show that
(2.13)
∫
Q
(∂tu)
2ψ2dxdt =
∫
Q
(∆u)2ψ2dxdt ≤ C
(min{T, 1})2
∫
Q
∣∣∣∣u− 1|M|
∣∣∣∣
2
dxdt.
Now (2.10) follow from (2.13), (2.12) and (2.9). An immediate consequence of (2.10) is
(2.14) |∆yG(x, 2jT, y)| ≤ C1 exp(−C22
jT )
(2jT )(n+2)/2
.
Therefore the series
∞∑
k=1
∆yG(x, 2
kT, y)
converges uniformly and absolutely for each fixed T > 0 since it is dominated by
∞∑
k=1
C1 exp(−C22jT )
(2jT )(n+2)/2
.
This implies that the function f in (2.4) is well defined.
Step 2. In this step, we derive bounds on the functions |∆if | (2.18) and |∆ib| (2.16),
i = 0, 1, 2, ....
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For any positive integer i, by Assumption (2.1) and Definition (2.5), we have
(2.15)
|∆ib| =
∣∣∣∣∣∣
∞∑
j=0
∆i+jz(x)
(−T )j
j!
∣∣∣∣∣∣
≤ CCi∗
∞∑
j=0
(i+ j)...(1 + j)(C∗T )j
= CCi∗∂
i
s
∞∑
j=0
sj , with s ≡ C∗T
= CCi∗∂
i
s(1/(1 − s)).
This shows
(2.16) |∆ib| ≤ C C
i∗i!
(1− C∗T )i+1 .
Next we derive a bound for |∆if |. From (2.4), using ∆xG(x, t, y) = ∆yG(x, t, y), we
compute
(2.17)
∆if(x) =
∫
M
∞∑
k=1
∆ix∆yG(x, 2
kT, y) (u0 − b)(y)dy
=
∫
M
∞∑
k=1
∆i+1y G(x, 2
kT, y) (u0 − b)(y)dy
=
∫
M
∞∑
k=1
(
G(x, 2kT, y)− 1|M|
)
∆i+1(u0 − b)(y)dy,
where integration by parts was performed in the last step. Therefore
|∆if(x)| ≤ sup
y
|∆i+1(u0 − b)(y)|
∫
M
∞∑
k=1
∣∣∣∣G(x, 2kT, y)− 1|M|
∣∣∣∣ dy,
which infers, by the assumed bounds on u0 (2.1), bounds on b (2.16) and the heat kernel
bound (2.9) that
|∆if(x)| ≤ C1 C
i+1∗ (i+ 1)!
(1− C∗T )i+1
∞∑
k=1
e−C22
kT
(2kT )n/2
∫
e−C3d
2(x,y)/(2kT )dy.
By direct computation
1
(2kT )n/2
∫
e−C3d
2(x,y)/(2kT )dy ≤ C4
where C4 is a positive constant depending on the on the volume lower bound of M and
its volume doubling constant. The last two inequalities together imply the bound
(2.18) |∆if(x)| ≤ 2C C
i+1∗ (i+ 1)!
(1− C∗T )i+1 (1 +
C1C4
C2T
).
Note that C1, C2, C4 depend only on M. Thus (2.6) holds.
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Step 3. Now we prove that (2.3) has a solution given by
(2.19) u(x, t) =
∞∑
j=0
aj(x)
(t− T )j
j!
,
with a0(x) = z(x) the final value and aj , j = 1, 2, 3, ... given by the recurrence formula:
(2.20)
{
∆a0 = a1 + f,
∆aj = aj+1, j = 1, 2, 3, ...
i.e.
a1 = ∆a0 − f, ..., aj = ∆ja0 −∆j−1f, ....
Differentiating (2.19) formally, one obtains
(2.21) ∆u =
∞∑
j=0
∆aj(x)
(t− T )j
j!
,
and
(2.22) ∂tu =
∞∑
j=0
aj+1(x)
(t− T )j
j!
.
In order that u satisfies the nonhomogeneous heat equation in (2.3), the recurrence formula
(2.20) must hold. To complete the proof, we need to do two things. One is to prove the
three series (2.19), (2.21) and (2.22) all converge absolutely and uniformly. Two is to show
that u(x, 0) = u0(x).
We will just prove that the series
(2.23) u(x, t) = a0(x) +
∞∑
j=1
(∆ja0 −∆j−1f)(t− T )
j
j!
converges uniformly and absolutely. The other two series can be handled similarly. By the
bounds (2.18) for ∆j−1f and the assumed bound (2.1) on ∆ja0, we see that the general
term in the series (2.23) is dominated by:
|∆ja0 −∆j−1f |(t− T )
j
j!
≤ C5(1 + 1
T
)
Cj∗j!T j
(1− C∗T )jj! = C5(1 +
1
T
)
(
C∗T
1− C∗T
)j
.
The assumption that T ∈ (0, 12C∗ ) gives
C∗T
1− C∗T < 1.
Hence the series (2.23) converges uniformly and absolutely.
So we are left to verify u(x, 0) = u0(x). This is done by setting u(x, 0) = u0(x) in
(2.19) and prove that it is equivalent to f being given by (2.4). Taking t = 0 in (2.19) and
suppose u(x, 0) = u0(x) as desired. Then
u0(x) = a0(x) +
∞∑
j=1
(∆ja0 −∆j−1f)(x)(−T )
j
j!
,
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which yields
(2.24)
∞∑
j=1
∆j−1f(x)
(−T )j
j!
= a0(x) +
∞∑
j=1
∆ja0(x)
(−T )j
j!
− u0(x)
= b(x)− u0(x).
Here we have used the definition of b(x) in (2.5). Note the series converges uniformly and
absolutely as proven in the previous paragraph.
Next we will invert (2.24) so that f will appear explicitly. This is the key argument in
this proof. Multiplying the heat kernel G = G(x, 2T − t, y) on both sides of (2.24) and
integrate, we find that
(2.25)
∞∑
j=1
∫
G(x, 2T − t, y)∆j−1f(y)dy (−T )
j
j!
=
∫
G(x, 2T − t, y)(b− u0)(y)dy.
Using
∆yG(x, 2T − t, y) + ∂tG(x, 2T − t, y) = 0, t < 2T,
and integration by parts, we see, since ∆jf = ∆jG = 0 on the boundary whenever it is
nonempty, that∫
G(x, 2T − t, y)∆j−1f(y)dy =
∫
∆j−1y G(x, 2T − t, y)f(y)dy
= (−1)j−1∂j−1t
∫
G(x, 2T − t, y)f(y)dy.
Substituting this to (2.25) we arrive at the identity
(2.26)
∞∑
j=1
∂j−1t
∫
G(x, 2T − t, y)f(y)dy T
j
j!
= −
∫
G(x, 2T − t, y)(b− u0)(y)dy.
Writing
(2.27) A(x, t) =
∫
G(x, 2T − t, y)f(y)dy, B(x, t) = −
∫
G(x, 2T − t, y)(b−u0)(y)dy,
then (2.26) can be written as
(2.28)
∞∑
j=1
T j
j!
∂j−1t A(x, t) = B(x, t).
Observe that, for the variable s = 2T − t and x, both A(x, t) and B(x, t) are solutions
of the heat equation with bounded initial values. According to Theorem 2.1 in [DZ], they
are real analytic in time for all s = 2T − t > 0, i.e. t < 2T . We should mention that
that theorem was stated for noncompact manifolds with Ricci curvature bounded from
below. However the conclusion is still valid for the current compact setting since the proof
is actually simpler and without the need of spatial cut-off functions. Differentiating (2.28)
with respect to t gives
(2.29)
∞∑
j=1
T j
j!
∂jtA(x, t) = ∂tB(x, t).
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The convergence of the above series is justified due to the bounds (2.18) for ∆j−1f since
∂jtA(x, t) = ∂
j
t
∫
G(x, 2T − t, y)f(y)dy = (−1)j
∫
∆jyG(x, 2T − t, y)f(y)dy
= (−1)j
∫
G(x, 2T − t, y)∆jyf(y)dy
so that
|∂jtA(x, t)| ≤ 2C
Cj+1∗ (j + 1)!
(1− C∗T )j+1 (1 +
C1C4
C2T
), t ∈ (0, 2T ).
Using this and C∗T/(1 − C∗T ) < 1 again, we know that (2.29) converges uniformly and
absolutely for t ∈ (0, 2T ).
Therefore (2.29) yields:
∞∑
j=0
T j
j!
∂jtA(x, t)−A(x, t) = ∂tB(x, t).
Since A = A(x, t) is analytic in time for all t < 2T , Taylor expansion around t with a fixed
t < T reads ∞∑
j=0
T j
j!
∂jtA(x, t) = A(t+ T ).
The two preceding identities imply the relation
(2.30) A(x, t+ T )−A(x, t) = ∂tB(x, t), i.e.∫
G(x, T − t, y)f(y)dy −
∫
G(x, 2T − t, y)f(y)dy
= −∂t
∫
G(x, 2T − t, y)(b− u0)(y)dy
= ∆x
∫
G(x, 2T − t, y)(b− u0)(y)dy =
∫
∆yG(x, 2T − t, y)(b− u0)(y)dy
=
∫
G(x, 2T − t, y)∆(b− u0)(y)dy.
Taking t→ T−, since the heat kernel G = G(x, T − t, y) converges to the Delta function,
we deduce
f(x) =
∫
G(x, T, y)∆(b − u0)(y)dy +
∫
G(x, T, y)f(y)dy.
Iterating once, we reach
f(x) =
∫
G(x, T, y)∆(b − u0)(y)dy
+
∫
G(x, T,w)
∫
G(w, T, y)∆(b − u0)(y)dydw +
∫
G(x, T,w)
∫
G(w, T, y)f(y)dydw.
By the reproducing formula for the heat kernel, this becomes
f(x) =
∫
G(x, T, y)∆(b− u0)(y)dy
+
∫
G(x, 2T, y)∆(b − u0)(y)dydw +
∫
G(x, 2T, y)f(y)dy.
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Repeating this process, we arrive at (2.4):
f(x) =
∫ ∞∑
k=1
G(x, 2kT, y)∆(b− u0)(y)dy
=
∫ ∞∑
k=1
∆yG(x, 2
kT, y)(b− u0)(y)dy.
As shown at the end of Step 1, this series converges uniformly and absolutely. This shows
that u(x, 0) = u0(x) in (2.19) is equivalent to that f being given by (2.4), completing the
proof of the lemma. 
Remark 2.1. We mention that a condition similar to (2.1) on the final state z = z(x) or
(2.6) on the control function may occur automatically, regardless of the a priori regularity
of u0 or f . Suppose u is a solution to (2.3) with final state u(x, T ) = z(x) for some
stationary control function f ∈ L1(M) and u0 ∈ L1(M). Then ∂tu is a solution of the
homogeneous heat equation{
∆∂tu(x, t)− ∂t∂tu(x, t) = 0, (x, t) ∈M× (0, T ],
∂tu(x, 0) = ∆u0(x)− f(x).
Here ∆u0 is understood in the weak sense. According to Theorem 1.2 in [DZ], ∂tu(x, t) is
analytic in time for t > 0 and, there are positive constants C,C∗, depending on T , such
that
|∆j∂tu(x, t)|t=T | ≤ CCj∗j!, j = 0, 1, 2, ....
That is
|∆j(∆z(x)− f(x))| ≤ CCj∗j!, j = 0, 1, 2, ....
In case of null control, i.e., z(x) ≡ 0, then
|∆jf(x)| ≤ CCj∗j!,
showing that (2.6) appears automatically.
The next lemma shows that if z = z(x) can be reached by the free heat flow at time
T , then (1.5) holds with C∗ = e
+
T as stated below. The proof follows the idea in [DZ]
Theorem 2.1. Since we are dealing with compact manifolds, we are able to reach the
explicit constant C∗ which is useful for Theorem 1.1.
Lemma 2.2. Let M and D be as in Theorem 1.1 and u a solution of the heat equation
(2.31)


∆u− ∂tu = 0, in D × (0, T ]
u(x, t) = 0, (x, t) ∈ ∂D × (0, T ],
u(·, 0) = u0(·) ∈ L2(D).
Then
(2.32)
|∆ku(x, T )| ≤ C k
n/4
T (n+2)/4
( e
T
)k
k! ‖u0‖L2(D) ≤
C
T (n+2)/4
(
e+
T
)k
k! ‖u0‖L2(D), k = 0, 1, 2, ...
Here e is 2.71828... and e+ is any number greater than e. The constant C depends only
on the manifold M through the dimension, the lower bound of the Ricci curvature, lower
bound of the first eigenvalue and volume noncollapsing constant inf |B(x0, 1)|.
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Proof.
Note u2, after 0 extension outside of D, is a subsolution of the heat equation on M ×
(0, T ]. Let x0 ∈ D and k be a positive integer.
If T/k ≤ 1, then with a suitable translation of time, the mean value inequality (2.11)
with R =
√
T/k, η = δ = 1/2 infers that
sup
Q√
T/(2k)
(x0,T )
u2 ≤ C1(k/T )|B(x0,
√
T/k)|
∫
Q√
T/k
(x0,T )
u2(x, t) dxdt
≤ C2(k/T )
(n+2)/2
|B(x0, 1)|
∫
Q√
T/k
(x0,T )
u2(x, t) dxdt,
where Qr(x0, T ) = B(x0, r)× [T − r2, T ] is the standard parabolic cube. If the diameter of
M is less than 2r, then B(x, r) is regarded as the whole manifold M here and through out
the proof. In the above we have used the Bishop-Gromov volume comparison theorem.
Note that the above mean value inequality is a local one since the size of the cubes is less
than one. Hence the constants C1 and C2 are independent of k.
If T/k ≥ 1, then we can apply the mean value inequality on cubes of size 1 to deduce
u2(x0, T ) ≤ C2|B(x0, 1)|
∫
Q1(x0,T )
u2(x, t) dxdt.
Since ∂kt u is also a solution to the heat equation with zero boundary condition, either
way it follows that
(2.33) sup
D×{T}
(∂kt u)
2 ≤ C2[1 + (k/T )
(n+2)/2]
inf |B(x0, 1)|
∫
D×[T−T/k,T ]
(∂kt u)
2(x, t) dxdt.
Next we will bound the right-hand side.
For integers j = 1, 2, . . . , k, consider the space time domains:
Ω1j = D × [T (1−
j
k
), T ],
Ω2j = D × [T (1−
j + 0.5
k
), T ].
Then it is clear that Ω1j ⊂ Ω2j ⊂ Ω1j+1.
Denote by ψ
(1)
j the Lipschitz function of time, which is 0 on the interval [0,− j+0.5k T ], 1
on [− jkT, T ] and linear in between. Then |∂tψ
(1)
j | ≤ 2k/T a.e. Since u is a smooth solution
to the heat equation, we deduce, by writing ψ = ψ
(1)
j , that∫
Ω2j
(ut)
2ψ dxdt =
∫
Ω2j
ut∆uψ dxdt = −
∫
Ω2j
((∇u)t∇u)ψ dxdt
= −1
2
∫
Ω2j
(|∇u|2)t ψ dxdt
≤ 1
2
∫
Ω2j
|∇u|2 ψt dxdt.
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Therefore,
(2.34)
∫
Ω1j
(ut)
2 dxdt ≤ k
T
∫
Ω2j
|∇u|2 dxdt.
Denote by ψ
(2)
j the Lipschitz function of time, which is 0 on the interval [0,− j+1k T ], 1
on [− j+0.5k T, T ] and linear in between.
Using ψ
(2)
j u
2 as a test function in the heat equation, the standard Caccioppoli inequality
(energy estimate) between the cubes Ω2j and Ω
1
j+1 shows that
(2.35)
∫
Ω2j
|∇u|2 dxdt ≤ k
T
∫
Ω1j+1
u2 dxdt.
A combination of (2.34) and (2.35) gives us
(2.36)
∫
Ω1j
(ut)
2 dxdt ≤ (k/T )2
∫
Ω1j+1
u2 dxdt.
Since ∂jt u is a solution of the heat equation, we can replace u in (2.36) by ∂
j
t u to deduce,
after induction:
(2.37)
∫
Ω11
(∂kt u)
2dxdt ≤ (k/T )2k
∫
Ω1k
u2 dxdt.
Note that Ω11 = D × [T (1− 1k ), T ] and Ω1k = D × [0, T ]. Substituting (2.37) into (2.33),
we find that
sup
D×{T}
(∂kt u)
2 ≤ C2[1 + (k/T )
(n+2)/2]
inf |B(x0, 1)| (k/T )
2k
∫
D×[0,T ]
u2(x, t) dxdt.
Since D is compact,
∂t
∫
D
u2(x, t)dx = −2
∫
D
|∇u|2(x, t)dx ≤ −2λ1
∫
D
u2(x, t)dx
where λ1 > 0 is the first eigenvalue. Therefore
sup
D×{T}
(∂kt u)
2 ≤ C2[1 + (k/T )
(n+2)/2]
inf |B(x0, 1)|2λ1 (k/T )
2k
∫
D
u20(x) dx.
Using Stirling’s formula
k! =
√
2pik (k/e)k [1 +O(1/k)],
we deduce that that
(2.38) |∆ku(x, T )| = |∂kt u(x, T )| ≤ C
kn/4
T (n+2)/4
( e
T
)k
k! ‖u0‖L2(D)
for all integers k ≥ 0. Here the constant C depends only on the manifold M through the
dimension, the lower bound of the Ricci curvature, lower bound of the first eigenvalue and
volume noncollapsing constant inf |B(x0, 1)|. 
Now we are ready to finish
Proof of Theorem 1.1.
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Pick T0 ∈ (T − δ, T ] with
(2.39) δ = min{ 1
2A
,
1
1 + 2e
T}
as chosen. Since, by design, u(x, T0) is given by the free heat flow on the time interval
[0, T0], i.e.,
u(x, T0) =
∫
D
G(x, T0, y)u0(y)dy,
from Lemma 2.2, we know
|∆ju(x, T0)| ≤ C j
n/4
T
(n+2)/4
0
(
e
T0
)j
j! ‖u0‖L2(D)
< C1
(
1
2T/(1 + 2e)
)j
j! ‖u0‖L2(D), j = 0, 1, 2, ...
Here we just used the strict inequality
T0 > T − 1
1 + 2e
T =
2e
1 + 2e
T.
Recall by assumption
(2.40) |∆jz(x)| ≤ CAjj!.
Take
C∗ = max{A, 1
2T/(1 + 2e)
}.
Then
|∆ju(x, T0)|+ |∆jz(x)| ≤ C1Cj∗j!,
T − T0 < δ = 1
2C∗
,
which is just condition (2.2). So by applying Lemma 2.1 with u(·, T0) as the initial value
and z = z(x) as the final value on the time interval [0, T − T0], we find v = v(x, t) solving
(2.41)


∆v(x, t) − ∂tv(x, t) = f(x), (x, t) ∈ D × (0, T − T0],
v(x, t) = 0, (x, t) ∈ ∂D × (0, T − T0],
v(x, T − T0) = z(x),
v(x, 0) = u(x, T0) =
∫
DG(x, t, y)u0(y)dy,
with
(2.42) f(x) =
∫
M
∞∑
k=1
∆yG(x, 2
k(T − T0), y) (u0 − b)(y)dy,
(2.43) b =
∞∑
j=0
∆jz(x)
(T0 − T )j
j!
.
Take
u(x, t) =
{
v(x, t− T0), t ∈ [T0, T ],∫
DG(x, t, y)u0(y)dy, t ∈ [0, T0).
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Then u = u(x, t) is the desired solution for Theorem 1.1.
If, in particular, z = z(x) is reachable by the free heat flow from initial time 0 to T , i.e.
(1.1) holds, by Lemma 2.2
|∆jz(x)| ≤ C j
n/4
T (n+2)/4
( e
T
)j
j! ‖u0‖L2(D), j = 0, 1, 2, ...
Then we can chose A = e+/T in the Assumption (2.40). Here e+ is any number greater
than e. Therefore the conclusions hold with the following choice of δ from (2.39):
δ = min{ 1
2A
,
1
1 + 2e
T} = T
1 + 2e
,
completing the proof of Theorem 1.1. 
3. An inversion formula for the hear kernel
In this short section, we present a byproduct of the proof of the theorem, an inversion
formula for the heat kernel. Due to the ubiquity of the heat kernel, this formula may be
of independent interest.
Proposition 3.1. Let M be a n dimensional, compact Riemannian manifold without
boundary and D ⊂ M a smooth domain or D = M. Suppose u = u(x, t) is a solution of
following problem with u0 ∈ L2(D) as the initial value:
(3.1)


∆u(x, t)− ∂tu(x, t) = 0, (x, t) ∈ D × (0, T ],
u(x, t) = 0, (x, t) ∈ ∂D × (0, T ],
u(x, 0) = u0(x).
Then for all t ∈ ((1 − e−1)T, T ], we have
(3.2) u(x, t) =
( ∞∑
k=0
(t− T )k
k!
∆k
)
u(x, T ).
Remark 3.1. Note that
u(x, T ) =
∫
D
G(x, T ; y, t)u(y, t)dy ≡ Pt,T (u(·, t))
where G = G(x, T ; y, t) = G(x, T − t, y) is the heat kernel with 0 boundary value. The heat
operator Pt,T can be regarded as a linear operator from L
2(D) to C∞(D) ∩ C0(D). The
Proposition shows that the operator
(3.3)
∞∑
j=0
(t− T )j
j!
∆j
is the inverse of Pt,T in a subspace of C
∞(D) ∩ C0(D).
In case u is also analytic in space variables, as in the Euclidean setting, this formula
provides a way to recover a state in the past from information at one point for the state
at present.
Proof of Proposition 3.1
According to Lemma 2.2, the following inequality holds
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|∆ku(x, T )| ≤ C k
n/4
T (n+2)/4
( e
T
)k
k! ‖u0‖L2(D), k = 0, 1, 2, ...
If t ∈ ((1− e−1)T, T ], then
0 ≤ T − t < T/e.
Hence the series on the right hand side of (3.2):
(3.4)
∞∑
k=0
(t− T )k
k!
∆ku(x, T ),
and its formal derivatives with respect to t and
∞∑
k=0
(t− T )k
k!
∆k∆u(x, T )
all converge uniformly and absolutely. Then it is clear that (3.4) is a solution of the heat
equation with final value u(x, T ). The uniqueness of the backward heat equation shows
that (3.2) is true. 
Remark 3.2. The result can be extended to some noncompact setting with a different time
intervals. By iterating formula (3.2), the time to which the heat kernel can be inverted
may be improved to any t ∈ (0, T ].
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